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WeuselatticeQCDto predictthemassof the ��� meson.WeusetheMILC Collaboration’spublicly available
ensemblesof latticegaugefields,which have a quarkseawith two flavors (up anddown) muchlighter thana
third (strange).Our final result is ���
	����������������������! MeV. The first errorbar is a sumin quadratureof
statisticalandsystematicuncertainties,andthesecondis anestimateof heavy-quarkdiscretizationeffects.

PACSnumbers:12.38.Gc,14.40.Nd,14.40.Lb

Recentlytherehasbeena significantbreakthroughin nu-
mericallatticecalculationsof QCD [1]. With new, improved
techniquesfor incorporatinglight seaquarks, lattice QCD
agreeswith experimentat the few percentlevel for a wide
varietyof quantities.They includemasssplittingsin quarko-
nium (boundstatesof heavy quarksandanti-quarks),masses
of heavy-light mesons(boundstatesof a heavy quarkanda
light anti-quark),and massesand decaypropertiesof light
hadrons.ThisprogresssuggeststhatlatticeQCDcouldplaya
big role in particlephysics,especiallyasanaidto understand-
ing theflavor sectorof theStandardModel [2].

In flavor physics,the centralaim is to searchfor evidence
of new phenomena.Beforeapplyingresultsfrom numerical
lattice QCD for suchpurposes,it is helpful to have asmany
testsaspossible. Although lattice gaugetheory hasa solid
mathematicalfoundation,numericalsimulationsarenot sim-
ple. The impressive resultsof Ref. [1] have beenachieved
only with thefastestmethodfor simulatinglight quarks.The
pricefor speedis anunprovenassumption(discussedbelow),
which clearly warrantsfurther scrutiny. In addition,the cut-
off effectsof heavy quarksarecontrolledusingeffectivefield
theories.Although mostheavy-quarkphenomenologyrelies
on this framework, it is importantto find out how well it de-
scribesdiscretizationerrorsin latticecalculations.

The ideal way to testa theoreticaltechniqueis to predict
a massor decayrate that is not well-measuredexperimen-
tally, but will be measuredpreciselysoon. Severalexamples
areavailablein leptonicandsemileptonicdecaysof charmed
mesons,which are being measuredin the CLEO-" experi-
ment. They aresensitive to both the light-quarkand heavy-
quarkmethods,andareunderinvestigation[3, 4].

Anotherexample,pursuedhere,is themassof thepseudo-
scalar #%$ meson,the lowest-lying boundstateof a bottom
anti-quark( & ' ) anda charmedquark ( " ). The #%$ massprin-
cipally teststhe heavy-quarkmethodsof latticeQCD. Based
on experiencewith &'�' [5] and &"(" [6] masssplittings,we ex-
pectonly mild sensitivity to the light quarkmass(of the sea
quarks)oncethe massis small enoughto allow uninhibited
creationandannihilationof virtual light quarkpairs.Prelimi-
naryversionsof thiswork havebeengivenatconferences[7].

Until now, #)$ hasbeenobservedonly in the semileptonic
decay#+*$-,/.103254 *7638 , andtheundetectedneutrinoleadsto
a massresolutionof around 9;:<: MeV [8, 9]. During Run 2
of the Tevatron, #)$ is expectedbe observed in non-leptonic
decays,with a massresolutionestimatedto be =<: –><: MeV
[10]. Our total uncertaintyis muchsmallerthanthe current
experimentalaccuracy, andcomparableto theprojections,so
wemayclaim to bepredictingthemassof the # $ meson.

Heavy-quarkdiscretizationeffectsareachallenge,because
feasiblelattice spacings? areaboutthe sameas the Comp-
ton wavelengthof the bottomandcharmedquarks.The dis-
tancesarebothshorterthanthetypicaldistanceof QCD,about@

fm. Theobviousstrategy is to useeffectivefield theoriesto
separatelong- andshort-distancescales.This reasoninghas
led to thedevelopmentof non-relativistic QCD(NRQCD)for
quarkonium [11] and heavy-quark effective theory (HQET)
for heavy-light mesons[12]. In latticegaugetheory, this rea-
soninghasled to two systematicmethodsfor discretizingthe
heavy-quark Lagrangian: lattice NRQCD [11, 13] and the
Fermilabheavy-quarkmethod[14, 15]. A strengthof both is
thatthefreeparametersof thelatticeLagrangiancanbefixed
with quarkonium.Then,with no freeparameters,oneobtains
resultsfor heavy-light systems(suchas A and # mesons).
The sameprocedureapplieshere: we obtain BDC 	 with the
samebarequarkmassesthat reproducethe bottomonium[5]
andcharmonium[6] spectra.

It is beyond the scopeof this Letter to review the details
of theheavy quarksin latticegaugetheory[16]. An accurate
summaryis that the couplingsof the lattice Lagrangianare
adjustedsothat[15]E

lat FG E
QCD HJI BLK &M * M * H &M�NOMPNOQ HR
S ?UTWV
X S KYB!Z[? Q]\ S (1)

where FG canbe read“has the samemassspectrumas.” TheI B termis anunimportantoverallshift in themassspectrum;M * (
M N

) is a effective field for quarks(anti-quarks);the
\ S

are the effective operatorsof the heavy-quarkexpansion,of
dimension̂
_a` \ S G 9 H�b S , b S-c @

; and ? is the lattice
spacing.Thecoefficients X S arisefromtheshort-distancemis-
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matchbetweenlatticegaugetheoryandcontinuumQCD.By
choosingd an improved lattice Lagrangian

E
lat, the X S canbe

reduced.In practice,however, it is necessaryto monitortheir
effect, by varying ? andby estimatingtheeffectsof thelead-
ing

\ S on themassspectrum.
Our calculationemploys an ideafrom a quenchedcalcula-

tion [17] (omittingseaquarks),namelyto uselatticeNRQCD
for the ' quarkandtheFermilabmethodfor the " quark.The
latticeNRQCD Lagrangian[13] hasa bettertreatmentof in-
teractionsof order egf , where e is the heavy-quark velocity.
TheFermilabLagrangian[14] hasabettertreatmentof higher
relativistic corrections,which is helpful sincethe velocity of
the " quarkin # $ is not especiallysmall, eih$kj : F > . Thus,we
expectthis combinationto controldiscretizationeffectswell.
This choicealsomeansthatour calculationdirectly teststhe
heavy-quarkLagrangiansusedin Ref. [1].

We work with ensemblesof lattice gaugefields from the
MILC Collaboration[18]. Eachensemblecontainsseveral
hundredlatticegaugefields,sostatisticalerrorsarea few per
cent. The gluonfields interactwith a seaof “ = H @ ” quarks:
onewith massB T tunedcloseto that of the strangequark,
andtheothertwo aslight aspossible.In this work weuseen-
sembleswith light massBD8 G : F =lB T and BD8 G : F 9<B T . The
gluonandsea-quarkLagrangiansareimprovedto reducedis-
cretizationeffects.Weusetwo latticespacings,?kmonp , nnqn fm.
(Thesearehandyestimates;? dependsslightly on BD8 .) Fur-
therdetailsarein theMILC Collaboration’spapers[18].

A drawbackof theMILC ensemblesis that theseaquarks
areincorporatedwith “staggered”quarks.A singlestaggered
quarkfield leadsto four species,or “tastes,” in thecontinuum
limit. Seaquarksarerepresented(asusual)by the determi-
nantof thestaggereddiscretizationof theDirac operator. To
simulate2 tastes(1 taste),thesquareroot (fourth root) of the
4-tastedeterminantis taken. The validity of this procedure
is not yet proven for lattice QCD, althougha proof doesgo
throughin at leastone(non-trivial) context [19]. Moreover,
onefinds that interactingimprovedstaggeredfieldssplit into
quartets[20], asis necessary. Sinceour predictionof the # $
massteststhis ingredientof thecalculation(albeitindirectly),
we donot assignanumericalerrorbarto this issue.

As in Ref. [17], wecalculatemasssplittings,namelyrks
t G B C 	�u nh K &B s H B t Q�v (2)rxw7y C y G BDC 	�u K &B wzy H &B!C y Q{v (3)

where &B s G nf B!| 	 H~}f B!�3� s , &B w y G nf B w y H�}f B w��y ,
and &BDC y G nf B!C y H }f B!C �y arespin-averagedmasses.We
refer to nh K &B s H B t Q and K &B w7y H &BDC y Q as the “quarko-
nium” and “heavy-light” baselines,respectively. Our result
for B!C 	 comesfrom our calculated? r s
t and ? rkw7y C y (in
latticeunits),combinedwith thelatticespacing? andtheex-
perimentalmeasurementsof thebaselines.We usethe2S–1S
splittingof bottomoniumto define? , but ontheMILC ensem-
blesseveralotherobservableswould serveequallywell [1].

Many uncertaintiescancelin masssplittings. Lattice cal-
culationsintegratetheQCD functionalintegral with a Monte
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FIG.1: Dependenceof �)�i� and �%� y � y onthelight seaquarkmass.

Carlomethod,andtheensuingstatisticalerrorlargelycancels
whenformingadifference.Themassshifts I B in Eq.(1)drop
out. Thespin-averagingcancelsthecontribution of a leading
uncertaintyfrom the hyperfineoperator

\ G &M��z�����i��M�� .
(Wedonotspin-average� with �g� , becausethelatterremains
unobserved.) The discretizationerrorsfrom further termsin
Eq.(1) cancelto someextent,especiallywith thequarkonium
baseline. Most crucially, all massesin Eqs.(2) and (3) are
“gold-plated”[1], in thesensethat thehadronsarestableand
not especiallysensitive to the light quarksea.(Hencewe useA T and # T , not A and # .)

We turn now to a discussionof our numericalwork. First
we discussbriefly how to computethe mesonmasses.Then
we considersystematiceffectsthatcanbeaddresseddirectly
by varying the barequarkmasses(light andheavy). Finally,
we considertheremainingdiscretizationeffects,by changing
thelatticespacingandby studyingthecorrectionsin Eq. (1).

In latticeQCD, eachmesonmassis extractedfrom a two-
point correlationfunction,which containscontributionsfrom
thedesiredstateandits radialexcitations.Weuseconstrained
curvefitting [21], usuallyincluding5 states,but checkingthe
resultswith 2–8statesin thefit. We find thattheextractionof
theraw massesis straightforwardon everyensemble.

Statisticalerrorsare obtainedwith the bootstrapmethod,
allowing us to incorporatethe correlatedfluctuationswhen
combiningthe massesas in Eqs.(2) and(3). The statistical
precisionon

r s
t
is about4% and on

rkw7y C y about1.5%.
But since

r s
t j 9g: MeV and
rkw7y C y j u @ =�:g: MeV, the

statisticalerror on BDC 	 endsup beingmuch larger with the
heavy-light baseline.

Figure1 showshow thesplittingsdependonthelight quark
massB 8 , for theensembleswith ? j np fm. Oneseesthatthe
dependenceon B 8 is hardly significant. We extrapolatelin-
early in B 8 0 B T , down to the valuethat reproducesthe pion
mass[2]. The mild dependenceon B 8 also suggeststhat
the uncertaintyfrom the known (but small) mistuningof the
strangequarkseais completelynegligible.
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FIG. 2: Dependenceof � �;� on thelatticespacingat �k�
�J��� �(��� .
Thebaremassesof theheavy quarksarechosenasfollows.

Sincetheoverall massis shifted[by I B in Eq. (1)], we com-
putethekineticenergyof & '�' and &"�" mesonsof (small)momen-
tum � , andchoosethebare ' and " quarkmassesso that it is�zh 0 =lB , whereB is thephysical &�+� mass.Thestatisticaland
systematicuncertaintiesof thekineticenergy imply arangeof
barequarkmasses.We computetheeffecton #)$ for different
bare ' and " massesandderive anerrorof

@ : MeV ( > MeV)
in
rks
t

and
r w y C y from thissource.

Figure2 shows how
r s
t

dependson latticespacing? forB 8 G : F =lB T . Thechangeis insignificant.Latticespacingde-
pendencestemsfrom all partsof thelatticeQCDLagrangian.
In our case,theheavy-quarkdiscretizationeffects,especially
for the " quark,areexpectedto dominate.Unfortunately, the
dependenceon B�$]? [of the coefficientsin Eq. (1)] doesnot
providea simpleAnsatzfor extrapolation.

Discretizationerrorscould be studiedby varying the cou-
plingsin thelatticeLagrangian.Indeed,they couldbereduced
systematicallywith bettermatching,but mostof the needed
short-distancematchingcalculationsarenotavailable.Instead
we shall estimatethem using potentialmodelsand calcula-
tions of the short-distancemismatch.This approachis itself
uncertain,but it is preferableto ignoringtheissue.

The resultsof our errorestimationarein TableI. Thefol-
lowing paragraphsexplainhow theentriesareobtained.

As usual,weclassifytheoperators
\ S in Eq.(1) according

to thepower-countingschemeof NRQCD(or, for A T and # T
mesons,HQET). The first several operatorsare listed in Ta-
ble I, including all termsof order e;f in NRQCD and

@ 0 BDhZ
in HQET. In general,theleadingspin-orbitinteractionshould
appear, but wemayomit it, becauseall statesconsideredhere
areSwave. To compensatetheerrors,thetableentriesshould
beaddedto ourcomputedmasses.Theshiftsfor thesplittings
arederiveddirectly from theshiftson themasses.

Theentriesareobtainedasfollows.Let usstartwith thehy-
perfineinteraction &M��z�����l��M1� . Its contribution cancelsfor
spin-averagedmasses &B , by construction,but we must still
estimateits effect on B t and B C 	 . In the heavy-quarkLa-
grangianswe are using, the hyperfinecoupling is correctly
adjustedonly at thetreelevel. Indeedwefind discrepanciesin
thehyperfinesplittings B w �y u B wzy and B!�3� s u B | 	 for the" quarkand B!C �y u BDC y for the ' quark.Thesizeof thedis-
crepancy agreeswith theexpectationfrom theone-loopmis-
match. It is thenreasonableto derive an empiricalestimate
of thecoefficientmismatchandpropagateit to B t and BDC 	 .

TABLE I: Estimatedshifts in massesand the splittings � �;� and�%� y � y . Entriesin MeV. Dashes(—) imply theentryis negligible.

operator � ��	 ��[ ��� �� � � �)�;�  ��� y  � � y �%� y � y¡ � �� fm¢¤£¦¥ § �¦� � ¨©� § ��ª 0 0
§ �¦�

Darwin
§ � § � «¬� �¬� § � — ¨¬�Y® �{¯W� ¨©��� ¨¬�¦� �©�°¨±�(� — — ¨©���²´³µ ¨¬�{ ¨±¶ �±�·¨¬��� — — ¨¬�{

total ¨¬�{¸ ¨©�3ª¡ � ��W� fm¢¤£¦¥ § ��� � ¨©� § ��¶ 0 0
§ ���

Darwin
§ � § � «¬� �¬� § � — —Y® �{¯W� ¨¬��ª ¨±¶ �©�°¨¬��� — — ¨¬��ª² ³µ ¨±ª ¨±� �±� ¨±¶ — — ¨±ª

total ¨±� ¨¬���
Theentriesarethenobtainedby combiningthis mismatchof
thecoefficientwith thecomputedhyperfinesplittings.

For B C 	 , nh &B s and nh B t , the matrix elements¹ \ S
º for
theDarwin term &M1�¼»½�<¾5M��

andthe relativistic corrections&M��À¿W» h(Á h M1� and Â }ÃÅÄ n &M�� A�fÃ M1� areobtainedfrom poten-
tial models. For &B w7y and &BDC y we useHQET dimensional
analysis, &Æ } 0�Ç B hZ with &Æ GÉÈ :<: MeV, to estimatethe Dar-
win term.In HQETpower-countingtheothertwo areof order&Æ f 0�Ç B }Z andareneglected.

Next we multiply theseestimateswith themismatchcoef-
ficients X S K�B Z ? Q . We have explicit tree-level calculationsof
themfor the FermilabLagrangianusedfor the " quark. For
the ' quarkthemismatchstartsat order Ê T , sowe take X S to
beof order Ê T with unknown sign. Theresultingshifts from
the " quarkare larger, alsobecausethe " quark is lessnon-
relativistic, but their signis definite.

Theentriesin TableI for K » h Q h and A�fÃ areuncertain.The
cancellationsacrosseachrow arereliable,but theoverallmag-
nitudecouldbe larger. The samepotentialmodelsuggestsa
shift in our B�Ë 	Uu &B s , of about u @ : MeV, consistentwith the
computeddiscrepancy [1, 6]. Thus,althoughtheseshiftsmay
betoo small,thecharmoniumspectrumsuggeststhatthey are
reasonable.Therelativistic correctionsdecreasesubstantially
when ? is reduced,soit is clearhow to improveon our result
in thefuture.

TableI suggeststhat our resultsfor B!C 	 will be too low,
andthat B!C 	 will belowerwith theheavy-light baselinethan
with thequarkoniumbaseline.If our main aim wasto guide
the searchfor #)$ , we would considerapplying the shifts in
TableI to our latticeQCDresults.Ouraim,however, is to test
latticeQCD.Therefore,wetreattheseshiftsnotascorrections
but asuncertainties.Sincewe claim to know the sign in the
importantcases,theassociatederrorbarsareasymmetric.

After extrapolatingthe light quarkmassandaccumulating
theothersystematicuncertaintieswefind (at ? G np fm)r s
t G/Ì<Í F ÇÏÎ Ì F Ç�Î @g@ F = * n pN�Ð MeV

v
(4)
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FIG. 3: Comparisonof theoreticalwork, with referencesin brackets
andourequationnumbersin parentheses.

rkw7y C y G uÒÑ @ = Ì Ç±Î Ì : Î @<@ * ÐN }]Ó{Ô MeV
v

(5)

wheretheuncertaintiesare,respectively, from statistics(after
extrapolatingin B 8 0 B T ), tuning of the heavy-quarkmasses,
andheavy-quarkdiscretizationeffects.Theresultfor

r s
t
at? G nnqn fm is completelyconsistent.For the # $ masswe find

B C 	 GÖÕgÌ :<9 Î 9 Î @<@ * n pN�Ð MeV
v

(6)B C 	 GÖÕ =l9 Ì Î Ì : Î @<@ * }]ÓN×Ð MeV
v

(7)

restoring,respectively, thequarkoniumandheavy-quarkbase-
lines. Thesetwo resultsagreereasonablywell. We have car-
ried out morecheckson thequarkoniumbaseline,sowe take
Eq. (6) asour main result. In both casesthe last error bar is
itself uncertain,sowe haveroundedthemup,but it is reason-
able. It canbe reducedat smallerlattice spacing,andwith
morehighly improvedLagrangiansfor thecharmedquark.

Our resultsarecomparedto othertheoreticalpredictionsin
Fig. 3, including potentialmodels[22, 23], quenchedlattice
QCD [17], andpotentialNRQCD [24–26]. The quarkonium
baselineis shown for reference.Thenearequalityof ourresult
with potentialNRQCDis provocative; it seemsto saythatthe
truly non-perturbativecontributionsto thequarkoniummasses
cancelin thedifference

rks
t
.

Our resultis somuchmoreaccuratethantheprevious lat-
tice QCD result[17], simply becausewe have eliminatedthe
quenchedapproximation.If our prediction,Eqs.(6) and(7),
is borneout by measurements,it lendsconfidencein lattice
QCD, not only in MILC’ s methodfor including seaquarks,
but alsoin thecontrolof heavy-quarkdiscretizationeffectsus-
ing effective field theoryideas.Moreover, within this frame-
work it is clearhow to improvethelatticeQCDLagrangianto
reducetheremaininguncertainties.
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